Regarding complex networks, one of the most relevant problems is to understand and to explore community structure. In particular it is important to define the network organization and the functions associated to the different network partitions. In this context, the idea is to consider some new approaches based on interval data in order to represent the different relevant network components as communities. The method is also useful to represent the network community structure, especially the network hierarchical structure. The application of the methodologies is based on the Italian interlocking directorship network.
Introduction
Complex networks are ubiquitous in every field of science. The study of complex networks is very important today because the comprehension of modern systems can be considerably enhanced by considering the different connections between individuals or objects. In this context the communities are groups of nodes in the networks, maximally connected to each other and weakly connected between the different communities. The communities represent a very important network feature (Fortunato 2010 , Newman 2006 in fact the community structure allows one to understand the concrete functioning of real world systems. In this sense many phenomena can be clarified by taking into account the structural information related to the community. The community structure is typically associated to the activities performed by a single subgroup of nodes (Porter OnnelaMucha 2009) . Thus the main question here is: in what way is it possible to measure the different network characteristics and statistically exploit the different relationships between the communities as a whole? In this respect the different communities can as a whole behave differently from their parts.
The aim of this work is to measure community characteristics and analyse the relationships between different communities. So the analysis is based not only on the nodes of the communities, but also on the communities as different entities as a whole. In particular a methodological way to do this is to consider a different approach from that using classical data. In particular, we will consider interval data, which allows the taking into account of the different node characteristics characterizing the communities as a whole. The classical data are by their very nature inefficient in measuring communities as they call for data aggregation and thus there is a loss of information. In the first section we will consider the statistical problem in detail, in the second one we will explore an alternative way to represent networks, in the third we consider the way to represent the network communities, then we provide a simulation study and the application relating to the Italian interlocking directorship network. Finally we present the conclusions in the last section.
The Statistical Problem
Complex networks are typically characterized by deviations from the random graph (the most simple structure studied between the graphs), by unobvious topological characteristics (Newman 2003) ,community structure or modularity (Newman 2006) and finally hierarchical structure (Barabasi et al. 2003) . These structures are ubiquitous and this fact represent an important reason that has recently motivated the scientific community to study the mechanisms which can have a relevant impact on the complex network and in particular on their topology (Albert Barabasi 2002) .
In this respect it is important to take in to account the modularity of the complex networks (Newman 2006) . In fact complex networks are characterized also by multiple communities. It is very relevant in network analysis to identify these communities so allowing one to understand relevant functions inside the networks (Fortunato 2010) . In order to characterize the role of the different communities it is possible to consider the topological features and the characteristics of the attributes for the nodes which are part of the communities. A fundamental aim in network analysis is to understand and characterize the community structure. Here following Nishikawa and Motter 2011 it is important, in the context of analysis of the network, to introduce the concept of structural group of nodes. Here the structural group of nodes is obtained by considering a specific community detection method. Then an analysis is carried out to analyze the topological features of the groups obtained in the network. This analysis is particularly relevant because the different group of nodes belong to the different communities which are part of the network and are related to some different function of the network. So representing the characteristics of the communities means being able to understand the role or the function of the communities inside a network. However a specific problem exists: representing the different communities with a specific value related to the different community characteristics can lead to relevant information loss. In this case a representation which preserves this information is required. In this context the different communities are represented by intervals or symbolic data in which we consider both the lower and the upper bound for the values considered in the same community.
In this framework the topological features and the attributes of nodes in the same community are represented as intervals, that is, interval data can be considered a way to measure quantitatively the network structures. In this way a possible solution is to consider intervals of values to represent the different communities and thus be able to represent the network. The network representation can be very useful in order to detect some latent information of the network relating to the behaviour of the communities as a whole. For this reason it is particularly important to visualize the community structure.
Network Representations
There has been an increasing interest in analytical techniques which consider complex data, and in particular on data characterized by specific internal variations. Particularly relevant contributions in the field have been those by Billard and Diday (2003) and Diday and Noirhomme-Fraiture (2008) .Interval data (see Billard 2008) , in particular, can be very useful in order to measure the different structural characteristics of the communities as a whole. In fact, communities are typically characterized by heterogeneous node characteristics and this heterogeneity can be usefully represented by interval data. These data types have their mathematical properties and appropriate statistical methods (Gioia Lauro 2005 Palumbo 2000 among others). In network analysis this approach was also considered by Giordano and Brito (2012) who measured and compared entire network using histogram data. In our work we will consider the network communities with the aim to characterize the community structure as a whole and analyse the different roles of the single nodes in the community. Interval data has been chosen as the approach because it allows the detection of the characteristics of the communities considered. Now we will consider both the network and the different ways to represent the network and the community structure. We start with an undirected graph = ( , ). Where V is a set of nodes or vertices of the graph and E are the edges or the links. Each network can be characterized by considering their measurements on nodes and edges (Costa et al. 2007 ).
Each node can be differently characterized by considering for example their centrality features. In particular each node v can be characterized by their Freeman degree (Wasserman 1994) :
The Freeman degree measures the level of local centrality of a node in a network (Dequiedt Zenou 2014) In particular it has a different mean from that of the betweenness which is the degree of global centrality of a node. In this sense the betweenness for each node v can be defined as:
Where s and t are two generic nodes (Brandes 2001) . Another relevant index related to the same network is the network density. The network density measures the ratio of the nodes on the total possible. In order to consider the density of the network (D) we can have :
Where T are the different edges and N are the total of the nodes in the network (Wasserman Faust 1994) In doing this we can characterize the entire network. An important characteristic of the networks is the modularity which measures the degree of the possibility of dividing the network into different modules. The modularity can be used to identify the different communities of the networks (Newman 2006 , Reichardt Bornholdt 2006 . In this sense the communities are relevant characteristics of the networks and allow us to understand the organization of the network as a whole (Porter Onnela Mucha 2009) . At the same time there is not an unique specific definition of community. We can consider the definition in Fortunato (2010) . In particular we can define the intra-community density and the inter-community density. By considering the nodes we can observe that the inter-community density is higher than the intra-community density.
By maximizing an index, allowing us to detect the modularity of the network, we are able to identify the different communities. The different communities are part of the community structure (see Newman Girvan 2004) . Various ways to detect communities are proposed in literature (Fortunato 2010 , Fortunato Lancichinetti 2009 , Lancichenetti Fortunato 2012 , Leskovec et al. 2010 , Drago and Balzanella 2014 The aim is to represent the community structure in an adequate manner in order to discover the latent information it is possible to observe. In particular it is very important to understand from the data the role of the different communities on the whole network. In order to perform this task we can consider interval data based on the single communities. In this way the communities are represented by also considering interval data on the member features of the communities.
Community Structure Representation
Each network can be considered by their communities; a different community can be characterized also by the topological features related to the different node members of the community.
In particular we can consider the different members of the communities and the different characteristics or features of the communities. Interval data can be used to represent the different communities. In fact when using the classical data we are not able to represent adequately the variations of the features. In this respect by using a mean we are losing information. In order to consider the communities as a whole we can consider a related interval data for each individual community.
In that way the data matrix related to each single community can be represented by the lower and upper bounds of the communities. So at the same time we can use the clustering method when considering the data. The different clusters can be regarded as archetypes of the communities inside the community structure. Thus we are able to obtain the intervals by the community detection. Then we can consider the obtained intervals in the visualization process.
So we have:
Where k is the community considered, c is the feature considered (for example the Freeman degree, or the betweenness). We can consider the single interval as the way to measure a single characteristic for the entire community.
In particular where is the lower bound for the considered characteristic and and can be considered the upper bound of the interval. In this way intervals can provide important information about the network structure (for example the summary statistics of the intervals which can be obtained) and we are able to obtain a data table to visualize the interval data.
The interval data for each community represents the upper bound and the lower bound characterizing each community inside the network. The different intervals can show not easily detectable structures.
In order to represent the network communities, we first of all detect the different communities by using the fast greedy method (Clauset et al. 2004 ). The reason for this is due to the fact that the method is particularly useful for large networks. Then we represent each community by using an interval data. At this point we are able to visualize the data by using an interval scatterplot (Bock Diday 2000) in order to discover the community network structure. For an interpretation of the results we consider a simulation study of the approach considered.
Simulation Study
We consider a simulation study in order to analyze the community structure of different network by considering the approach we are proposing here. In particular we will consider different networks and we want to observe the different results. In the design of the networks we take into consideration three network models 1) The Barabasi Albert Model (Barabasi Albert 1999) 2) The Random ErdosRenyi Model (ErdosRenyi 1959) 3) The Forest Fire Network Model (Leskovec et al. 2005) The different simulation algorithms come from the R package igraph (CsardiNepusz 2006); we have chosen three distinct algorithms to generate the network to obtain different structures to analyse. The experimental design of the simulation is organized as follows: we generate the random networks; then we detect the different communities and we compute the different topological features of the nodes. Finally we compute the different intervals of the considered communities.
The output of each single run of the simulation is compared. We can observe from the different runs that the method identifies the different communities of the network.
At this point for each run we are able to observe the scatterplot of the interval data related to the different communities. The variables considered on the scatterplot are variables related to the structural characteristics of the nodes, such as the betweenness, the degree or the closeness. Each community is represented by a different value characterized by the lower and the upper bound of the intervals. In this way we are able to discover the characteristics of the communities considered.
The results are useful because when we consider the results only by characterizing the different communities by using a mean of the values of the different nodes we are not able to observe the variations on the data. However in our case the method clearly shows the capability to discover the differences which can occur in the different communities. At the same time by considering different attributes we are better able to see the different functions of the communities and the differently related roles. We will now consider the results related to the three cases, that is, those we have simulated.
The results show clearly that the approach captures the structure of the network in terms of communities. In particular we can see that the approach considers not just the single nodes but groups of nodes (the communities) so there could be a relevant usefulness in considering the group of nodes because it allows us to understand the stylized structure of the network. In fact by observing the network as a whole we are able to understand the relevant relationships between the different communities and also the general structure of the network. In fig.1 we can observe the network structure, by observing a general network visualization. The case 1 in fig. 1 shows a network structure based on different communities. In particular we are able to identify six different communities. The six different communities show that a relevant structure can be detected. By considering the graph we can observe that there are differences in the centrality levels of the different communities ( fig.1 and table 1.) . In fact two communities seem to show higher levels of global and local centrality than other communities. At the same time observing the entire interval scatterplot ( fig.2 ) we can observe that there are two communities which show higher levels of betweenness and Freeman degree. The other communities do not seem particularly relevant so the most important communities are those with higher levels of betweenness and Freeman degree. The result is clearer in fig.2 so it could be an interesting representation using the interval data for each community as it shows in a stylized way the structure of the network. If we consider network 2, from figure 3 we are presented with a very different situation: the network structure is denser and there are more connections inside the different communities at the same time ( fig.3 and table 2. ). So the result is also a higher equilibrium between the levels of maxima betweenness and maxima degree. At the same time there is no particularly straightforward way to detect this equilibrium directly from the graph. In this sense we can observe that these results seems to be well represented on the interval scatter plot diagram. In fact it is possible to observe that the different structure can be quickly detected ( fig.4) . In particular we detect two communities with higher levels of betweenness and Freeman degree. Finally we can consider the third case. In this case the network structure seems to be very centralized ( fig.5 and table 3) and so the final result shows clearly the higher betweeneess and the higher Freeman degree for the community which is the most central community of the network. An interval scatterplot diagram ( fig.6 ) corresponds to this observation so we can see that there is an observation which is very simply detected and so it is possible to visualize the network adequately. Simulated Network 2 Random ErdosRenyi Game -communities representation 
Application on real data
We will now consider a dataset related to interlocking directorships in Italy (year 2012). The network community structure allows us to determine the number of relevant communities in a network and the different nodes which are part of the different communities. Thereby we can obtain the different communities and then we can represent them as communities. At this point we decide to represent them as interval scatter plot. The different community structure is represented on the interval scatter plot diagram, especially where we expect to find a particular data structure for the network. It is important to consider the shape of the different observations on the scatter plot. If there is higher centralization we can expect a particular network structure.
In terms of the Freeman degree and the betweenness we can have a higher value for some statistical units. If there is a higher difference on the different observations it means that the network as a community structure becomes more centralized. So by considering the different structure of the intervals we are able to identify the centralization level of the community structure. On observing the network ( fig.7) we can observe the general network structure which tends to be characterized by a central structure. This structure seems to be coherent with previous results in literature (Piccardi et al 2010 , BellenzierGrassi 2014 Drago et al. 2014 . In particular by considering the levels of betweenness and Freeman degree the results seem to be coherent with previous results for each node. In order to consider community detection we also use the fast greedy algorithm which performs well with large networks. In this case we observe that there are at least 17 communities (table 4) . These communities share different characteristics on betweenness and Freeman degree. In particular we can observe that there are three communities which are the most relevant. The first one (community 4) is characterized by the highest values of betweenness and Freeman degree.
The community 5 shows a higher level than community 6 of betwenness but lower levels on the Freeman degree. That means community 5 tends to be more globally than locally centred. At the same time community 6 tends to be characterized by a more local than global centrality. Both the communities have lower values of Freeman degree and betweenness than community 4. The community with a higher level of betweenness and Freeman degree represents the most centralized companies in Italian capitalism, this has also been observed in other studies. The companies which are members of the different communities appear in the Appendix. The most relevant result is that the structure of the Italian interlocking directorship network seems to be clearer by observing the interval scatterplot diagram (also by considering the initial figure 7 ). In particular we are able to detect three relevant communities ( 4, 5 and 6) whilst at the same time we are able to detect the highest community (table 4). The communities 5 and 6 show higher levels than other communities, which in general reveals an equilibrium on the levels of the centrality measures. 
Conclusions
In this work we have proposed a new approach for analyzing complex networks. In particular this approach is based on the need to analyze the network by decomposing the network into different communities. The different communities are characterized by considering interval data in order to allow the variation existing between the different nodes. In this way we are able to detect the structure of the network. The results obtained are encouraging. In fact the network seems to be well represented by the intervals. At the same time the use of a mean seems to reduce the information extracted from the networks and from the different communities. The final conclusion of the application is the same for the simulated data and from the application on the real data and it is that this method allows us to identify the correct structure of the network. For example by considering the network of Italian interlocking directorships we able to identify the structure of the communities and in particular the different roles of the different communities, which it is possible to observe on the interval scatter plot diagram. 
